We investigate the probability distribution of order imbalance calculated from the order flow data of 43 Chinese stocks traded on the Shenzhen Stock Exchange. Two definitions of order imbalance are considered based on the order number and the order size. We find that the order imbalance distributions of individual stocks have power-law tails. However, the tail index fluctuates remarkably from stock to stock. We also investigate the distributions of aggregated order imbalance of all stocks at different timescales ∆t. We find no clear trend in the tail index with respect ∆t. All the analyses suggest that the distributions of order imbalance are asymmetric.
Introduction
The order imbalance between buyer-initiated and seller-initiated orders is a determinant of stocks price movements. Many scholars have paid attention to investigate the properties of order imbalances. Chordia et al. investigated the determinants and properties of marketable order imbalance on the New York Stock Exchange and the relation among order imbalances, liquidity and daily stock market return [1] . They found that there exists aggregate contrarian behavior and signed order imbalance is high following market declines and low following market rises. They also found that order imbalance are strongly related to contemporaneous absolute returns after controlling for market volume and market liquidity. Chordia and Subrahmanyam also investigated the relation between estimated order imbalances and individual stock returns [2] . They demonstrated that individual stock order imbalance is strongly and positively autocorrelated. Further, the relation between lagged imbalances and returns is significantly positive at a one-day horizon. Lee et al. found a similar relationship between stock returns and order imbalance in Taiwan Stock Exchange and they also reported that, even without designated market makers, the exchange is quite effective in absorbing order imbalances [3] . Shenoy and Zhang studied the relation between daily order imbalance and returns in the Chinese stock markets. However, they found that order imbalance cannot predict subsequent returns overall for any subset of stocks, even those with the largest daily price moves. They only found a strong contemporaneous relation between daily order imbalance and returns [4] .
With the rapid development of China's economy and the increasing capitalization of the Chinese stock markets, much attention is paid to investigate the properties of the emerging Chinese stock market. Both the Shanghai Stock Exchange and the Shenzhen Stock Exchange are order-driven markets containing market orders and limit orders. A market order is submitted to buy or sell a certain amount of shares which results in an immediate transaction. While limit orders that fail to cause an immediate transaction are stored in a queue called limit-order book. All these orders are divided into two groups according to their directions. The amount difference between the buyer-initiated orders and seller-initiated orders is the order imbalance, which can be measured in various ways. In this work, we investigate the probability distribution of order imbalance of Chinese stocks using the order flow data.
The rest of this paper is organized as follows. In section 2, we explain the data set adopted and describe in brief the trading rules of the Shenzhen Stock Exchange. Section 3 presents the probability distribution of two kinds of order imbalance. Section 5 summarizes the results.
Data description and trading rules
The study is based on the order flow data of 43 liquid stocks traded on the Shenzhen Stock Exchange in 2003. The Shenzhen Stock Exchange was established on December 1, 1990 and started its operation since July 3, 1991. The Exchange is open for trading from Monday to Friday except the public holidays and other dates as announced by the China Securities Regulatory Commission. On each trading day, there is an opening call auction period (9:15 am -9:25 am), a cooling period (9:25 am -9:30 am), and two continuous double auction periods (9:30 am-11:30 am and 1:00 pm-3:00 pm). We consider the orders during the continuous double auction in this work.
The database records all the orders of submission and cancelation of 43 stocks, including 32 A-share stocks and 11 B-share stocks in the whole year of 2003. The A-shares are common stocks issued by mainland Chinese companies, subscribed and traded in the Chinese currency Renminbi, listed on mainland Chinese stock exchanges, bought and sold by Chinese nationals and approved foreign investors, and the B-shares are also issued by mainland Chinese companies and listed on mainland Chinese stock exchanges, but subscribed and traded in foreign currency, bought and sold by foreign nationals [5, 6, 7, 8] . The time stamps of the orders are accurate to 0.01 second. The data flow of each stock includes the stock code, trading date, aggressiveness, volume, price, and so on.
Order imbalance can be defined in various ways [1] . In this paper, we adopt two definitions based on the number of orders (OIBNUM) and the size of orders (OIBVOL), respectively. The number-based order imbalance OIBNUM is the estimated number of buyer-initiated orders minus seller-initiated trades in one minute and the size-based order imbalance OIBVOL is the estimated size of buyer-initiated orders minus the total size of the seller-initiated orders in one minute. The summary statistics of the two order imbalances are presented in Table. 1, including the mean µ, the standard deviation σ, the skewness S , the kurtosis K, the percentage of positive values P%, and the percentage of negative values N%. For most stocks, the order imbalance is negative and the percentage of positive values is less than the percentage of negative values, which is consistent with the bearish state of the Chinese market in 2003 [9] . The standard deviation of order imbalance varies from stock to stock. We find that OIBNUM tends to be negatively skewed while OIBVOL is more likely to be positively skewed. The kurtoses are significantly greater than 3 (Gaussian distribution), suggesting that the distribution of order imbalance have fat tails. 3. Parametric fits to probability distributions
Aggregate sample of all stocks
In order to ensure that the order imbalances of different stocks are comparable, we work on the standardized order imbalance:
where OIB can be OIBNUM or OIBVOL, µ OIB is the mean of order imbalance for each stock, and σ OIB is the standard deviation of order imbalance of each stock. Figure 2 shows the empirical distributions of the standardized order imbalance aggregated over all the 43 stocks. Due to the fat-tail feature of the empirical distributions in Fig. 2 , we adopt the Student distribution and the qexponential distribution to fit the distributions of the standardized order imbalances S OIBNUM and S OIBVOL , as for the trading volume [10] . The Student probability density function f t (S ) reads:
where α is the degree of freedom parameter (or tail exponent), µ = S is the location parameter, L is the scale 1), we have µ = 0. The q-exponential probability density f q (S ) is defined as follows [11, 12, 13] :
where q is usually greater than 1. When S is sufficiently large, we have
for the Student distribution and
for the q-exponential distribution. In other words, both distributions have power-law tails with the tail indices being α for the Student distribution and 1/(q − 1) for the q-exponential distribution. Hence, comparing Eq. (4) and Eq. (5), we can define
and calculate the α ± values from q ± . We adopt the maximum likelihood estimator (MLE) to fit the two empirical distributions and illustrate the four fits in Fig. 2 for comparison. It is evident that both the Student distribution and the q-exponential distribution fit the data well for the standardized order imbalances between ±5, which accounts for 99.49% of the sample for S OIBNUM , and between ±3, which accounts for 98.61% of the sample for S OIBVOL . However, there are remarkable discrepancies in the tails since the MLE results are dominated by relatively small order imbalances. In order to better capture the tail behavior of the distributions, we adopt the nonlinear least square estimator (NLSE) for model calibration. The resultant fits are also illustrated in Fig. 2 . Table 2 reports the estimates of parameters. Since both the q-exponential and Student models have two parameters, we can compare quantitatively their performance simply using the root mean square value of fit residuals. According to Table 2 , the Student distribution outperforms the q-exponential distribution for both S OIBNUM and S OIBVOL , except that the q-exponential distribution performs better in the MLE fit of S OIBNUM . Table 2 also shows that the MLE provides better goodness-of-fit. When we compare the tail indices α, α + and α − , we should put more credit on the NLSE results. We find that the results are consistent with each other. The overall tail index is 2.60 for OIBNUM and 2.16 for OIBVOL. Also, the positive and negative tails are asymmetric, as indicated by the skewness in Table 1 . 
Individual stocks
We also adopt the nonlinear least-squares estimator and the maximum likelihood estimator to fit the OIBNUM and OIBVOL samples of each stock to the Student distribution and the q-exponential distribution. We obtain the tail index α and α ± = 1/(q ± − 1). By comparing the root of mean square of the fit residuals, we can assess the relative performance of the two distribution models. For S OIBNUM using MLE, the q-exponential distribution outperforms the Student distribution for more stocks (37/43), and for S OIBVOL using MLE, the Student model outperforms the q-exponential model for more stocks (42/43). For the fits with NLSE, there are more stocks favoring the Student distribution for both S OIBNUM (24/43) and S OIBVOL (40/43). These results of relative performance are also shown in the "p" columns of Table 2 .
In Fig. 3 , we illustrate the scatter plots of tail indices α and α ± for the number-based order imbalance OIBNUM (upper row) and the size-based order imbalance OIBVOL (lower row), estimated with the nonlinear least-squares estimator (NLSE, left column) and the maximum likelihood estimator (MLE, right column). We find that the tail indices differ from stock to stock. However, there is a positive correlation between α and α ± . The linearity for NLSE plots is better than MLE plots, which is consistent with the fact that the NLSE can better capture the tail behaviors. Indeed, there are negative values of α − for three B-share stocks and large values of α + for two B-share stocks in Fig. 3(b) , which are not shown for better visibility. In Fig. 3(a) , on average, the OIBNUMs of B-share stocks have larger tail exponents. In Fig. 3(c) and (d) , the negative tails have larger tail exponents. In Fig. 3(d) , the OIBVOLs of B-share stocks have smaller tail exponents. 
Nonparametric determination of tail indices

The case of 1-min order imbalance
In the preceding section, we have shown that the Student distribution or the q-exponential distribution can fit the empirical distributions well and they both have the power-law tails f (S ) ∼ S −(β+1) . For large values of |S |, the Student density function f t (S ) approaches power-law decay in the tails f t (S ) ∼ |S | −(α+1) with a tail index of α, the q-exponential density function f q (S ) approaches f q (S ) ∼ |S | −q/(q−1) with a tail index of 1/(q − 1). We further investigate the tails of the empirical distribution by using the nonparametric statistical techniques for making accurate parameter estimation of tail indices, based on the maximum likelihood method and the KolmogorovSmirnov (KS) statistical test [14] . The tail index of a sample is estimated based on the data {S i : i = 1, · · · , n} that are greater than a threshold S min [14] :
We vary the value of S to obtain the KS statistic and the tail exponent β. One chooses the threshold value S min that minimizes the KS statistic and makes the probability distribution of the data above S min and the fitted power law as similar as possible. In Fig. 4(a) and (b), we illustrate dependence of the KS statistics for the positive and negative tails of OIBNUM and OIBVOL as a function of S . In Fig. 4(c) and (d), we illustrate the corresponding tail exponents β as a function of S . It is found that, with the increase of S , each KS curve decreases first and then increase, which defines the "optimal" value of S . We thus obtain that S min = 3.38 and β = 2.41 for the positive tail of S OIBNUM , S min = 8.34 and β = 3.39 for the negative tail of S OIBNUM , S min = 5.26 and β = 2.21 for the positive tail of S OIBVOL , and S min = 8.90 and β = 2.85 for the negative tail of S OIBVOL . Furthermore, we adopt the Kolmogorov-Smirnov (KS ) test and the CvM test [15, 16, 17] to check the goodnessof-fit. The Kolmogorov-Smirnov statistic (KS ) is defined as KS = max S >S min (| f (S ) − f * |), and the CvM statistic is defined as
where n is the sample size, f (S ) is the cumulative distribution of S and f * is the cumulative distribution of the best power-law fit. The result shows that the two tails of S OIBNUM cannot pass the KS test, but they can pass the CvM test. In contrast, both tails of S OIBVOL can pass the KS test and the CvM test.
Evolving probability distribution of order imbalance
We now turn to investigate the evolving probability distribution of order imbalance at different timescales ∆t. Varying the value of ∆t, we are able to compare the distributions at different timescales. Specifically, we compare the distributions for ∆t = 5, 10, 15, 30, 60, 120 and 240 minutes. The empirical distributions f (S ) for different timescales ∆t are illustrated in Fig. 5 . Interestingly, we find that the distributions at different timescales basically collapse onto a single curve, which is a signal of scaling. However, at the negative tails, we see discrepancies among the distributions to some extent. In Table 3 , we present the summary statistics of the order imbalance at different timescales. We find that the number-based order imbalances S OIBNUM are left-skewed and the degree of skewness increases with ∆t. In contrast, the size-based order imbalances S OIBVOL are right-skewed and the skewness decreases with ∆t. The kurtosis of each distribution is significantly greater than that of the Gaussian distribution whose kurtosis is 3, indicating a much slower decay of the tails. Moreover, the decreases with increasing ∆t for both S OIBNUM and S OIBVOL . Table 3 : Characteristic parameters for evolving probability distributions of order imbalances. In the results of the KS test and the CvM test, "0" means "fail to pass the test" and "1" means "pass the test". We can see that all these tails can pass the tests. We determine the tail indices using the nonparametric method [14] . The results are also presented in Table 3 . We do not find clear evidence of trend in the dependence of β against ∆t. When the cutoffs S min of two tails are close to each other, the tail indices are close too. The KS test and the CvM test for positive and negative tails show that all these fits to the tails can pass the tests.
Conclusion
Order imbalance is an important variable in the study of order-driven markets. In this paper, we have carried out empirical investigations on the distributions of order imbalance defined in two different ways, using the order flow data of 43 stocks traded on the Shenzhen Stock Exchange within the whole year of 2003. We found that the Student distribution or the q-exponential distribution can fit the empirical distribution well. The nonparametric method [14] confirmed the presence of power-law tails in the order imbalance distributions. We also investigated the order imbalance distributions at different timescales and found that the order imbalance distributions are asymmetric and have power-law tails.
The asymmetry of the order imbalance distributions that the power-law indices of left tails are greater than those of right tails might relate to the market conditions. The Shenzhen Stock Exchange (SZSE) Component Index was 2689.49 on 2003/01/02 and rose to 3479.80 on 2003/12/31 experiencing a rise of 29.39%. Note that the stocks investigated in this work were the constituents of the SZSE Component Index. The overall rise of the stocks indicates that there are more buy orders than sell orders, pushing the prices up. It results in more data points of positive imbalance than negative imbalance such that the positive tails are heavier than negative tails.
